Abstract. It is proved that l q -completeness (1 < q < ∞) is equivalent to l 1 -completeness (defined by Saxon and Sánchez Ruiz), and becomes a new characteristic condition for local completeness. The relationship between dual local completeness, dual local quasi-completeness and the Banach-Mackey property is investigated. For a quasi-Mackey space, dual local quasi-completeness, c 0 -quasi-barrelledness, Ruess' property (quasi-L) and C-quasi-barrelledness are equivalent to each other.
Local completeness
In this paper, every space will be assumed a Hausdorff locally convex space over the scalar field of real or complex numbers. Let (E, t) be a space; then (E, t) , or briefly E , denotes the topological dual of (E, t) and E # denotes the algebraic dual of E. Let E denote (E , β(E , E)) . Recall that a space E is locally complete if and only if every bounded closed absolutely convex subset of E is a Banach disk [4, Proposition 5.1.6] . It is easy to see that local completeness is duality invariant. That is to say, if two spaces (E, t) and (E, s) have the same topological dual and one is locally complete, then so is the other. P. Dierolf ([2] or [4, Theorem 5.1.11]) proved that the following conditions on a space (E, t) are equivalent:
(I) (E, t) is locally complete.
(II) The closed absolutely convex hull of every locally null sequence in (E, t) is compact.
(III) The closed absolutely convex hull of every null sequence in (E, σ(E, E )) is compact in (E, σ(E, E )).
(IV) The closed absolutely convex hull of every null sequence in (E, t) is compact. From [4, the proof of Proposition 3.2.12], we also see that (E, t) is locally complete if and only if for each null sequence (x n ) in (E, t) and each scalar sequence (λ n ) ∈ l 1 , the series ∞ n=1 λ n x n converges in (E, t). Recently Saxon and Sánchez Ruiz [6] proved that a space E is locally complete if and only if it is l 1 -complete. Reminiscently of De Wilde [1, Proposition III.1.4 and V.3.2], they defined a space E to be l 1 -complete if, for each bounded sequence (x n ) ⊂ E and each (λ n ) ∈ l 1 , the series ∞ n=1 λ n x n converges in E. We shall extend the concept to l q -completeness 
and each (x n ) ∈ l p (E), the series ∞ n=1 λ n x n converges in E, where
Remark 1. When q = 1 we have l 1 -completeness defined just as in [6] . When q = ∞ we have l ∞ -completeness of E, clearly equivalent to the following condition: for every (x n ) ∈ l 1 (E), the series ∞ n=1 x n converges in E; i.e., every absolutely Cauchy series converges in E. If every unconditionally Cauchy series converges, E is said to be -complete [4, 5.3] . Here, ∞ n=1 x n unconditionally Cauchy means that each n∈σ x n is arbitrarily close to the origin whenever σ is a finite set of sufficiently large positive integers. Clearly, -complete ⇒ l ∞ -complete. The converse fails, as shown by the following Example 1.
As is well known, a subset K of (l 1 , 1 ) is relatively compact if and only if the following conditions are satisfied:
(I) there is M > 0 such that
For any relatively compact subset K of (l 1 , 1 ), we define a seminorm p K on c 0 as follows:
for any x = (ξ n ) ∈ c 0 . Let t denote the topology on c 0 generated by all seminorms p K as above. Since (l 1 , 1 ) is complete and in (l 1 , 1 ) the weakly compact sets and strong compact sets coincide, we may conclude that (c 0 , t) = (c 0 , τ(l ∞ , l 1 )|c 0 ). Thus (E, t) := (c 0 , t) illustrates what we defined in the next section as a quasiMackey space. Consider a series ∞ n=1 x n in E. If each x n has 1 at the nth coordinate and 0's elsewhere, (II) ensures that p K ( n∈σ x n ) < whenever each member m of the finite set σ satisfies m ≥ m 0 . Thus the series is unconditionally Cauchy but not even weakly convergent, proving E is not -complete. On the other hand, given any series in E with ∞ n=1 x n = ∞, we may choose a sequence (b n ) of posive scalars tending to 0 so slowly that ∞ n=1 b n x n = ∞ still holds. We then choose each y n ∈ l 1 with y n = b n and
This proves that any absolutely Cauchy series in (E, t) is also absolutely Cauchy and then convergent in the Banach space (c 0 , ), and therefore convergent in the weaker topology t. We conclude that the non--complete (E, t) is l ∞ -complete.
Remark 2. l ∞ -completeness certainly implies l 1 -completeness, equivalently, local completeness [6] , but the converse is false. Indeed, Pérez Carreras and Bonet [4, Example 5.1.12] noted that. By duality invariance, E := (c 0 , σ(c 0 , l 1 )) is locally complete but is not l ∞ -complete since the canonical unit vectors are not summable in E. (They put "sequentially complete" in place of "l ∞ -complete".)
It is somewhat surprising that l q -completeness (1 < q < ∞) is equivalent to l 1 -completeness. Thus l q -completeness (1 < q < ∞) becomes a new characteristic condition for local completeness.
Theorem 1. For any space E the following statements are equivalent:
(I) E is locally complete.
Proof. The equivalence of (I) and (II) is Theorem 2.1 of [6] .
, with p and q as above. Since
We must use (II) to show that
The series is absolutely Cauchy by the Hölder inequality, so we need only show that its sequence of partial sums has a convergent subsequence. Define
Thus for k ≥ 2 the triangle and Hölder inequalities imply that
so its sequence of partial sums is the desired convergent subsequence.
We end this section with a brief discussion of the relationship between convex compactness (cc) and various notions of completeness. Recall that a space E is said to have the convex compactness property if the closed absolutely convex hull of every compact subset of E is still compact [10, Definition 9-2-8]. In [4, 5.3] , E is said to be p-complete (in [10, Problem 6-5-107], N-complete; see [3, §23, 9(1)]) if every precompact subset of E is relatively compact; i.e. every closed totally bounded set is compact. Surely, quasi-complete ⇒ p-complete, Wheeler denied the converse [10, Table 4 ], p-complete ⇒ cc [10, Problem 9-2-111], and cc ⇒ locally complete by (iv) of Dierolf's Theorem. An amplified Pérez Carreras/Bonet scheme (see [4, 5.3] ) emerges:
Here, q-c, p-c, s-c, -c, l ∞ -c, l q -c and lc respectively denote "quasi-complete", "p-complete", "sequentially complete", " -complete", "l ∞ -complete", "l qcomplete" and "locally complete". The convex compactness property cannot be 
Dual local quasi-completeness
Recall that a space E is dual locally complete if (E , σ(E , E)) is locally complete (cf. [6] ). Saxon and Sánchez Ruiz [6] 
Following Tsirulnikov [9], a space E is called dual locally quasi-complete if its strong dual (E , β(E , E)) is locally complete. Tsirulnikov, Ruess, et al. surely knew that dual locally complete (dlc) ⇒ dual locally quasi-complete (dlqc); indeed, this follows from [4, Proposition 5.1.6(iv)], or we may observe that if
∞ n=1 λ n f n converges to f in (E , σ(E , E)) with (λ n ) ∈ l 1 ,
and if (f n ) is β(E , E)-bounded, then, routinely,
∞ n=1 λ n f n converges to f uniformly on bounded sets of E, i.e.
in (E , β(E , E)).
Let (E, t) be a space. An increasing sequence σ = {A n : n ∈ N } of absolutely convex subsets of E is said to be absorbing (bornivorous) if for every x in E (every bounded subset B of E) there is a positive integer m such that A m absorbs x (absorbs B); see [4, Definition 8.1.15]. We denote by t σ the finest locally convex topology on E that induces the same topology as t on each A n . The topology t σ is defined by the family of those seminorms whose restrictions to the sets A n are continuous for the topology induced on A n by t (cf. [6] 
Theorem 2 (Ruess). For any space E the following statements are equivalent: (I) E is dual locally [quasi-]complete. (II) E has property ([quasi-]LC). (III) If f ∈ E # such that f | A is continuous, where A is a [bornivorous] barrel in E, then f ∈ E .
A modern statement of the Banach-Mackey Theorem [6] is that every dlc space E has the Banach-Mackey property; i.e., the σ(E , E)-bounded sets are β(E , E)-bounded, or, equivalently, barrels in E are bornivores. The converse is evidently true when E is dlqc, and this observation transforms the Banach-Mackey theorem into another characterization of dual local completeness that augments, along with dual l q -completeness (1 < q < ∞), the collection in [6] .
Theorem 3 (Banach-Mackey). A space E is dual locally complete if and only if it is dual locally quasi-complete and has the Banach-Mackey property. That is to say, a dual locally quasi-complete space is dual locally complete if and only if it has the Banach-Mackey property.
When E is a Mazur space [10, Definition 8-6-3], then (E , β(E , E)) is complete [10, Corollary 8-6-6], and is certainly locally complete; i.e., Mazur ⇒ dlqc. By Theorem 3, then, a Mazur space is dlc if and only if it has the Banach-Mackey property. This is just [6, Theorem 2.6], viewed now as a corollary to the Banach-Mackey Theorem. Note that E need not be a Mazur space even though (E , β(E , E)) is complete; e.g., take E = (l 1 , τ(l 1 , c 0 )) [10, Problem 8-6-119]. Hence, Theorem 3 is a useful characterization of dual local completeness which properly extends [6, Theorem 2.6].
The observations that
σ(E , E )) is dlc, and (II) each σ(E , E)-bounded set is β(E , E )-bounded ⇔ both E, (E , σ(E , E ))
have the Banach-Mackey property combine with Theorem 3 as follows.
Corollary 1. In a dlc space E, each σ(E , E)-bounded set is β(E , E )-bounded.
Remark 3. Banach-Mackey ⇒ ⇐ dlqc: Trivially, any non-barrelled normed space is dlqc but is without the Banach-Mackey property. Conversely, let (X, ) be any barrelled normed space which is not complete [10, Problem 3-1-4], equivalently, not lc, and put E := (X , τ(X , X)). Then (E , β(E , E)) = (X, β(X, X )) = (X, ) is not locally complete; i.e. E is not dlqc. But E does have the Banach-Mackey property, since 
Thus a space E with dual local quasi-completeness, the weakest of the four "quasi" properties, suddenly enjoys C-quasi-barrelledness, the strongest of the four, when it is endowed with its Mackey topology. Let us identify another such compatible topology.
Definition 2.
A space E is called a quasi-Mackey space if it has its quasi-Mackey topology; i.e., the topology induced by (E , τ(E , E )).
Köthe [3, §23,4.(6) ] noted that the quasi-Mackey topology is compatible with the pairing (E, E ) and may be strictly coarser than the Mackey topology τ (E, E ), e.g., when E = c 0 with E = l 1 . This permits a new parallel to Theorem 4's quasi-inclusive case.
Theorem 5. For a quasi-Mackey space E the following statements are equivalent:
(a) E is dual locally quasi-complete.
Proof. It suffices to show that (a) ⇒ (d): Suppose U := ∞ n=1 U n is given as in the definition of C-quasibarrelled. For A ⊂ E , let A
• and A • denote the polar of A in E and E , respectively. Since E is quasi-Mackey, for each U n there is an absolutely
n , and the latter is a 0-neighborhood in (E , τ(E , E )). Given z ∈ E , there exists a bounded set B ⊂ E such that z ∈ B
•• , and by definition, B ⊂ U n for almost all n. Therefore z ∈ U •• n for almost all n. Duality invariance and (a) imply that (E , τ(E , E )) is dlc; hence C-barrelled, by Theorem 4. It follows that
n is a 0-neighborhood in (E , τ(E , E )), and thus
is a 0-neighborhood in the quasi-Mackey space E.
By definition, a c 0 -quasi-barrelled space remains so under any finer compatible topology. Dierolf's Theorem and Theorem 5 each implies that if (E, t) is dlqc with t finer than the quasi-Mackey topology, then (E, t) is c 0 -quasi-barrelled. This properly extends the quasi-inclusive case of (a) ⇔ (b), Theorem 4.
Corollary 2. A space whose topology lies between its Mackey and quasi-Mackey topologies is c 0 -quasi-barrelled if and only if it is dual locally quasi-complete.
We cannot similarly extend the quasi-exclusive case of (a) ⇔ (b), Theorem 4: If we take E = c 0 with E = l 1 and give E its quasi-Mackey topology, as in Example 1, then E is dlc but is not c 0 -barrelled, since the canonical unit vectors are not equicontinuous on E. A fortiori, E is not C-barrelled. Yet E does have property (L), as noted in [8] . In fact, Theorem 5 provides a general proof: E has property (quasi-L), and the Banach-Mackey property says that every closed absorbing sequence is bornivorous [6, Theorem 2.4].
Corollary 3. A quasi-Mackey space has property (L) if and only if it is dual locally complete.

